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There have been considerable interests in the quantum mechanics of anyons in two di- 
mensions. Anyons have been suggested to be relevant to various interesting systems, such 
as the quasiparticles in the Fractional Quantum Hall fluids, the solitons in the nonlinear 
sigma model [p}-[T0[1. Due to the nontrivial statistical interaction between the anyons, ele- 
mentary quantum mechanics of free anyon gas is far from being understood fully For 
free anyons, the system is found to exhibit the conformal symmetry ||^ . Attempts have been 
made to flnd the energy spectrum of the free anyon gas, however, only in the case of two 
anyons, the complete solution is available by far . In presence of external magnetic field, 
the ladder operator approach can provide us with some portion of the energy spectrum and 
the wavefunctions of the anyon gas P]. In this letter, we present a simple quantum group 
symmetry for interacting anyons in external magnetic field. 

The anyons in external magnetic field are described in terms of the following Hamiltonian: 

H = j:\[p.-a E ^-f^^xrlP, (1) 

where we assume that anyons move in a two dimensional infinite plane, and the statistical 
parameter a is within the range [—1, 1]. For the constant external magnetic field B = Bk, 
we choose the symmetric gauge, such that the vector field is Ai = x rj. For these anyons, 
the bosonic wavefunctions are used as their base functions, 

(pi- ■ ■ ,fi, - ■ ■ ,fj, - ■ ■) = (f){- ■ ■ ,fj, - ■ ■ ,ri, - ■ (2) 

and the anyons are composite particles of the bosons attached with fiux. The anyon spectrum 
is determined by the following eigenequation: 

H(f){fi,f2, ■ ■ ■ , rW) = Ecf){ri, f2, ■ ■ • , tat). (3) 

For the anyons, one may perform the following well-known singular statistical gauge 
transformation U = e~*'^^'=<' 

0'(ri,f2, ■ ■ ■) = e^"^^<'''''0(fi,f2, ■ ■ ■), (4) 
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where 9ij is the angle between the vector r^j and the x-axis, Vij = r j — Vj = rjj(cos%x + 
smOijy). The eigenenergy equation can be translated into 

H'(i)' = E(j)', (5) 

with 

^1 eB^ 

H' = U^HU = E -bl - —k X r-f. (6) 

1=1 

For the multivalued wavefunction cp', additional phase factor shows up when one interchanges 
two patricles, 

■ ■ , Xi, ■ ■ ■ , x,, ■ ■ ■) = e±'""0'(- ■ ■ , x„ ■ ■ ■ , a^i, ■ ■ ■)■ (7) 

One can see that the wavefunction 0' is invariant under the change a ^ a + 2. In particular, 
when the statistical parameter a = 1, the wavefunction 0' is antisymmetric, describing 
fermions in external magnetic field. For fermions, the energy spectrum of the system 
is given by the sum of single particle energies, as long as the Pauli exclusion principle is 
properly taken into account when one constructs the Slater determinant. For one electron 
in external magnetic field, we have the well-known Landau problem in two dimenions []T7 



which is also the problem of Integer Quantum Hall Effect when the magentic field B is so 
strong, compared to the electron-electron Coulomb interaction and the disorder in real two 
dimensional electron gas, with small ratio of electron-electron interaction to disorder. 

In the Landau problem, the system is not translational invariant. However, it has been 
known for a long time that the system is invariant under the magnetic translation group. 
Considering the Hofstadter problem ( a free electron hopping on two dimensional lattice 
in constant magnetic field), Wiegmann and Zabrodin show that the magnetic translations 
can be constructed with the generators of the quantum group Ug{sl{2)) |jl2[|. Applying the 
representation, they obtain the Bethe-Ansatz. Quite recently, similar discussions have been 
carried out for the Landau problem, where the quantum group symmetry Ug{sl{2)), the W 



algebra and the area-presevering differomorphism were studied 



When one has arbitrary statistical parameter — 1 < a < 1, the system consists of parti- 
cles of intermediate statistics. The anyons are interacting with each other through nontrivial 
statistical gauge term, and the eigenenergy problem can no longer be reduced to a single 
particle problem. However, in the following, we would like to demonstrate that the system 
of the anyons still exhibits a magnetic translation group, from which the quantum group 
symmetry Uq{sl{2)) can be constructed. In fact, one will see that the quantum group sym- 
metry will survive, even when the anyons are interacting with each other through pairwise 
potential Z^i^j 

In presence of pairwise interaction between the anyons, the Hamiltonian for the anyons 
takes the following form: 

HN = j:l[p.-a E ^-^fc^xrlf + (8) 

With the singular statistical gauge transformation U, the Hamiltonian becomes 

1=1 ijtj 

Let us construct following generators of magnetic translation: 

N 

= n eMCiid., + eBtyk/2) + C2{dy, - eBiXk/2)], (10) 
fc=i 

where C, = (ix + (21! is a two dimensional vector, and the symmetric gauge for the vector 
field is used, Ai = x r^. The generator is the product of the generators of magnetic 
translation of each single particle. They satisfy the following group property |]16 



T^^ = exp[-ziv| ■ (C X ff)] T^^^.. (11) 
The generators commute with the pairwise potential term, 

[rc'Enkl,l)] = o. (12) 

One can verify these generators commute with the Hamiltonian H'j^ given by Eq. (^), 

[K,T^]=0. (13) 



Moreover, with the simple relation [T,f=idx,,T,k<i^ki\ = and [T,f=idy^,J2k<i^ki\ = 0, one 
can check that the singular statistical gauge transformation U commutes with the generators 
of magnetic translation group, 

[T^, U] = 0. (14) 

With these equations, we therefore conclude that the magnetic translation group generators 
also commute with the original anyon Hamiltonian Eq.(|^) 

[Hn,T^]=0, (15) 

i.e., the anyon gas is invariant under the magnetic translation. 

With the generators of magnetic translation group, one can construct the generators of 
the quantum group Ug{sl{2)) as follows [|l^: 



[q-q ^) 



J-= , ^ A lT-a + 6T_^), 
[q-q ^) 

q-''' = T,_g, (16) 

where q = exp[iiV^ ■ (a x b)], a6 = P'-y = —1, and a,b are two vectors defined in the two 
dimensional plane. Using the group property of the magnetic translation generators, one 
can check that the following commutation relations of the Uq{sl{2)) |T^-|T5[ quantum group 
hold 

q-^^J^q--^^ = q^^J± 

[J^^ J A = • (17) 

The generators for the quantum group Uq{sl{2)) also commute with the original anyon 
Hamiltonian Eq. (|]), and we therefore conclude that the interacting anyons in magnetic 
field also exhibits a quantum group Ug{sl{2)), 
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[Hn, J±] = 0, 

[Hn, M = 0. (18) 

The above two equations are the main results we would like to make remarks of in this letter. 
Finally, we note that the quantum group symmetry is also valid for the interacting electron 
system in strong magnetic field. The many particle system is the problem of Fractional 
Quantum Hall when the ratio of disorder to the electron-electron interaction is small. For 
the interacting electron system, the Hamiltonian is given by 

^ I B 

H-T.l^ip^-^^^r;)' + l:^, (19) 

and the wavefunction 0' is totally antisymmetric when interchanging any pair of particles, 
which corresponds to a = 1. 

In summary, for arbitrary intermediate statistics, the interacting anyon gas in external 
magnetic field is invariant under one magnetic translation group, as the singular statistical 
gauge transformation commutes with such magnetic translations. The interacting anyons 
hence exhibits a quantum group symmetry Uq{sl{2)), which can be readily constructed from 
the magnetic translation group. 

We would like to thank the Swiss National Science Foundation for the financial support. 
We also would like to thank Ian I. Kogan for communication. 



6 



REFERENCES 



[1] D. Arovas, J. R. Schrieffer and F. Wilczek, Phys. Rev. Lett. 53, 722 (1984), F. Wilczek 
and A. Zee, Phys. Lett. 147 B, 325 (1984), F. D. M. Haldane and Y. S. Wu, Phys. Rev. 
Lett. 55, 2887 (1985), R. B. Laughhn, Science 242, 525 (1988), Ann. Phys. (N. Y.), 
191, 163 (1989), X. G. Wen, F. Wilczek and A. Zee, Phys. Rev. B 39, 11413 (1989). 

[2] Y. S. Wu, Phys. Rev. Lett. 52, 2103 (1984). 

[3] Y. S. Wu, Phys. Rev. Lett. 53, 111 (1984). 

[4] Y. H. Chen, F. Wilczek, E. Witten and B. I. Halperin, Int. J. Mod. Phys. B 3, 1001 
(1989). 

[5] R. Jackiw, Ann. Phys. (N. Y.), 201, 83 (1990). 

[6] J. M. Leinaas and J. Myrheim, Nuovo Cimento, 37 B, 1 (1977). 

[7] C. Chou, Phys. Rev. D 44, 2533 (1991). 

[8] A. A. Chin and C. R. Hu, Phys. Rev. Lett. 69, 229 (1992). 

[9] M. D. Johnson and G. S. Canright, Phys. Rev. B 41, 6870 (1990), G. V. Dunne, A. 
L. Lerda and C. A. Trugenberger, Mod. Phys. Lett. A 6, 2819 (1991), K. H. Cho, C. 
Rim and D. S. Soh, Phys. Lett. A 164, 65 (1992), A. Dasnieres de Veigy and S. Ouvry, 
Phys. Rev. Lett. 72, 600 (1994). 

[10] G. S. Canright and M. D. Johnson, J. Phys. A: Math. Gen., 27, 3579; S. He, X. C. Xie 
and F. C. Zhang, Phys. Rev. Lett. 68, 3460 (1992). 

[11] Ian I. Kogan, Int. J. Mod. Phys. A9, 3887 (1994). 

[12] P. B. Wiegmann and A. V. Zabrodin, |cond-mat/93100l7| ; |cond-mat/9312088 . 



[13] C. N. Yang and Mo-lin Ge, Quantum Group, Nankai University Proceedings, references 
therein. 



7 



[14] L. D. Faddeev and R. M. Kashaev, |hep-th/9312T33 
[15] E. K. Sklyanin, Func. Anal. App. 17, 273 (1983). 
[16] J. Zak, Phys. Rev. 134, 6A (1964). 
[17] L. D. Landau, Z. Phys. 64, 629 (1930). 



8 



